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INTRODUCTION 
X-ray scattering patterns have given considerable infor-
mation concerning atomic distributions in matter, both cry-
stalline and amorphous. Work on the diffraction or x-rays 
by crystals was begun in 1912 by Friedrich, Knipping, and 
Laue (l), and much valuable information concerning the arrange-
ment of atoms in crystals has been supplied by this method. 
Diffraction of x-rays by gases was studied as early as 1911, 
and work in this field has given information concerning the 
arrangement of atoms in molecules and electron distribution 
in atoms . Work on the diffraction of x-rays by liquids was 
begun by Friedrich who obtained diffraction patterns of 
Canada Balsam, paraffin, and amber. More investigations 
gave theories concerning the determination of atomic dis-
tributions in liquids and gave quantitative means of describ-
ing the structure of liquids. 
Considerable work has been done on elements in the 
liquid state since fewer assumptions need be made and the 
theory is more exact for monoatomic elements as compared to 
polyatomic elements. · The t h eories by which the atomic dis-
tribution function is computed from experimental evidence is 
more simply applied to a group of many atoms of one kind than 
to polyatomic liquids. Following a method given by Zernike 
and Prins (2) and later expounded by Gingrich ( 3 ), an average 
1. N. S. Gingrich, Rev. Mod. Phys. ~, (January, 1943). 
2. F. Zernike and J. A. Prins, z. Physik~, 187 (1927). 
3. N. S. Gingrich, Rev. Mod. Phys. 1£, (January, 1943). 
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atomic density at a distance r in angstroms rrom any atom in 
the element can be round by means or a Fourier inversion or 
the x-ray scattering pattern. 
2 
The e:f'rects or temperature and pressure upon the x-ray 
scattering rrom argon has been studied by Eisenstein and 
Gingrich (4 ), using 26 dirferent combinations o:f' temperature 
and pressure, and measuring the scattering at various angles 
from the incident ray. One of the observations requiring clar-
ification was that of the unusually large scattering at small 
angles, particularly large as the specimen approached the 
critical temperature and pressure. There are several explana-
tions ror this small angle scattering, perhaps the most com-
mon being that which compares this type or scattering to the 
dirrraction of light. In other words, the explanation would 
be that this seemingly homogenous material would actually be 
made up of many areas or inhomogenieties. Thus, though there 
would be an overall average density for the material, there 
are or may be regions of higher or lower densities exsisting 
within the boundaries of the material under examination. Ac-
cepting this assumption, then, it would be reasonable to as-
sume also that the incident x-ray would be scattered at the 
boundaries of these regions in a similar manner to light be-
ing dirfracted at the boundary of a substance such as glass. 
The problem involved in attempting to prove or disprove this 
or similar theories would be to compute the extent o:f' these 
areas o:f' inhomogeniety and then to determine whether the vol-
4. A. Eisenstein and N. s. Gingrich, Phys . Rev.~ §g, (1942) 
ume occupied could contain a surficient number of atoms to 
cause the abnormally large scattering observed at the small 
angles. 
4 
REVIEW OF THE LITERATURE 
Experiments with materials whose structures were fairly 
well known proved that x-ray scattering patterns could be 
used to give a clue as to the inner structure of the sample. 
However, prior to 1942, little experimental work had been 
done utilizing several combinations of temperature and pres-
sure with one sample. Then, A. Eisenstein undertook the 
work of obtaining x-ray scattering patterns by argon using 
26 different combinations of temperature and pressure, as 
reported by Eisenstein and Gingrich. ( 5 ) Argon was chosen 
as the sample for this experimental analysis because of its 
relative cheapness, its atomic structure factor is known, 
and its critical temperature (150.66°K) and its critical 
pressure (4?.996 atmospheres) (6) are known and can be reached 
fairly easily. 
It was found, among other interesting observations, that 
there was a considerably greater intensity of the scattered 
wave at angles small and close to the zero angle with rela-
tion to the incident ray than could be accounted for by 
theory. This small angle scattering increased in intensity 
creased in intensity as the sample then passed into the vapor 
state and left that critical point. 
A paper written by Gingrich (?) in January, 1943, oon-
5. Ibid. 
6. International Critical Tables (McGraw-Hill Co.) 
?. N. s. Gingrich, Rev. Mod. Phys. ~~ (January, 1943). 
tains a compilation of theory and experimental facts known 
to that date. Following a method suggested by Debye and 
given by Warren and Gingrich, a distribution function 
4TTr2~(r) dr was mathematically developed. This :function 
gives the number of atoms between r and r + dr from any ar-
bitrary atom within the liquid element. Experimental methods 
for determining values for this distribution function were 
also outlined, and there were several atomic distribution 
curves included. These curves represent the time-averaged 
atomic environment about any given atom within the liq~id. 
Models of the liquid structure were assumed and distribution 
curves computed on the basis of these assumptions. These 
computed curves then were compared to the experimentally ob-
served curves. Also, on the basis of the observed curves, 
physical constants such as the latent heat of fusion and 
vaporization have been calculated. 
The causes of excessive x-ray scattering at small angles 
were discussed in a paper by Vineyard. (8 ) This paper con-
siders possible causes for this excessive scattering and de-
velops equations for calculating the scattering patterns for 
certain classes of structures. A model of the inner struc-
ture of the specimen is selected and an attempt is made to 
explain small angle scattering on the basis o£ this moael. 
The model chosen is that of a mixture of small droplets of 
liquid in the vapor state, and small bubbles of vapor inclu-
ded in the liquid phase. The suggestion is made that these 
are the inhomogeneities which cause this scattering. This 
8. G. H. Vineyard, Phys. Rev. 2!, (November 1,1948). 
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model does not appear ·to work out since t he calculated size 
of these droplets is too small to give properties anything 
like the macroscopic amounts of ,material which would have 
to be considered as. inhomogeneities . Further attempts are 
made to find an explan~tion on the basis of less sharply de-
fineddensity fluctuations . 
A paper by Lund and Vineyard (9) gives equations for 
calculating the small angle x- ray scattering from groups of 
identical spherical particles. This article takes into ac-
count the inter·ference between scattered waves from differ-
6 
ent particles. Calculations are made for specific cases il-
lustrating the type of interference· from different particles, 
and it is pointed out that the assumption that each particle 
scatters independently is a poor approximat19n . This paper, 
however, is concerned with the case of scattering x- rays by 
discrete spherical particles of radius about 100 angstroms 
such as one finds in colloids . 
9 . L. H. Lund and G. H. Vineyard, Journal of App . Phys . , 
Vol . 20 , (June, 1949) . 
DISCUSSION 
The present paper concerns itself with seven of the 
twenty-six curves listed by Eisenstein (lO) as shown in 
the pressure-temperature diagram in Figure 10. The curves 
were chosen as representative of small angle scattering un-
der conditions approaching critical temperature and pressure 
in the liquid state and vapor state. Three curves showed 
considerable small angle scattering in the liquid state and 
these are numbered as in the above mentioned paper as numbers 
4, 5, and 6. Curve number six is the closest in the liquid 
state to the critical point. For representative data for 
the vapor state, curves numbered 7, 8, and 9 were chosen for 
analysis. Of these curvmnumber seven is· the closest to the 
critical point. One curve, number 25, was chosen to repres-
ent the results given by a pure argon gas. 
A typical curve showing experimental data taken by 
Eisenstein and also showing considerable small angle scatter-
ing is given in Figure 1. (ll) As can easily be seen in 
Figure 1, the observed experimental curve follows the pattern 
expected by theory as represented by the dotted curve, until 
we get close to the zero angle. This effect shows up in the 
curve 5iven at about (sin e)/A equals 0.2. The dotted line 
is that which would be given experimentally if the scattered 
wave could be considered free from interference effects. 
That is, the computed intensity scattered by one atom is then 
7 
10. A. Eisenstein, Ph.D. Dissertation, University of Missouri, 













Figure l . Typical x-ray scattering curve ror 
argon, showing small angle scattering 
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multiplied by the total number of atoms in the specimen used, 
which gives the Nf2 curve in the diagram, where N is the 
number of atoms in the sample and f is the atomic structure 
factor. 
A reasonable assumption may be made as shown in Figure 
2 (12); that is, breaking the 'entire experimental curve in-
to two portions, a small angle and a large angle component. 
The small angle component is extrapolated to zero directly 
from the bottom of the first valley. It can be shown that 
both components must have zero slopes at zero angle, so both 
curves are extrapolated horizontally at that point. From 
the small angle component, the radius of the areas of inhomo-
geneity mentioned before may be calculated by the use of the 
equation developed in the Theory section of this paper. 
12. G. H. Vineyard, Phys. Rev. ?4, (November l, 1948) . 
Figure 2 • Showing d.1 vision of Figure 1 into 
large angle and small angle components 
4()0 
t- ._, / 
~ f 2. 
II ....... L AAGE-ANGL £ 
' 
v COMP O NENT h ~ 
_/ 
" \ ~ !'.... 
SMALL-ANGLE '--_ 
r-"" COMPONE /V r 
0 . I . 2 .3 
SIN 11 
1\ 




The mathematical theory this paper shall use in an at-
tempt to explain small angle x-ray scattering may be devel-
oped in the same way as was done by Debye. (l3 ) In this 
paper Debye introduced the notion of a "Correlation function" 
and applied it to the scattering of light by an inhomogenous 
solid. 
First, as did Debye, let us consider an inhomogenous 
solid in which can be computed an average dielectric constant, 
£ , but also on which there are superimposed local variations 
in density ~ These fluctuations ~ will be represented by 
a rapidly varying- function of position. If we assume ~ to 
be small, it is not difficult to show that the intensity of 
the light scattered by a volume V of the solid will be pro-
portional to the average or the square of the absolute value 
of the following integral over the whole volume with the ele-
ment or volume dv 
( 
F = e (1) 
F, which is the amplitude of the scattered wave, is ana-
logous to what is called the amplitude of the form factor or 
an atom in x-ray scattering. This integral must be extended 
over the entire volume V; k is equal to 4n/A; -R is the vee-
torial distance from any fixed point; -s is a vector which 
13. P. Debye and A. M. Bueche, Journal of Applied Physics, 
gQ, . (June, 1949). 
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characterizes both the direction of incidence of the primary 
wave and the direction of observa tion. T~s is done by draw-
_. 
ing a unit vector S0 in the direction of the primary light, 





From this it follows that the magnitude of s is 
s -:= 2 8 SIN z 




Equation l may now be put in the form corresponding to 
the case of using x- rays as the incident radiation. This 
function depends upon a fluctuation in the overall average 
dielectric constant, so we can say that 
(4) 
Now, since the frequency of the x-rays is much greater 
than the natural resonant frequencies of the atomic elec-
trons, we may write for the index of refraction of the x-rays 
n == I- (14) (5) 
1 4 . Slater and Frank, "E1actromagnet1sm" , McGraw- Hill Co. 
where JO is the average number or electrons per unit volume, 
e/m is the ratio of charge to mass for an electron, and omega 
is the angular frequency of the x-rays. Further 
c I- c~e 
,..,..,... UJ z E=-1+-i. = ( 6) 
so that 
(7) 
where A is a constant and so equation l becomes for the x-ray 
case 
(8) 
As in the case or light, the scattered x-ray intensity will 
be proportional to the average of the square of F over the 
whole volume . 
Let us now introduce the notion of a correlation func-
tion for the x-ray case in the following way. Let us take 
average electron density to be~ , upon which are superim-
poaod fluotu&tlonB ~ ~ !6 in the oaee of a fluotuating dl• 
electric constant, ~ may be presumed to be a rapidly varying 
function of the coordinates. It will be these fluctuations 
of electronic density which are responsible for the small-
angle scattering. 
Consider two points in the l i q uid a d i stance r apart . 
13 
14 
Now form the product of the electron fluctuations 81 and 
8z, the 81 being the fluctuation at point one, and 8z the 
fluctuation at point two. Now let us move the two points 
around in the liquid over all possible configurations, keep-
ing the distance r fixed, and for each configuration let us 
form the product 81 62 • In this way we will form a large 
number of these products which may be characterized as the 
average of the products 61 8z, averaged for a given fixed r , 
over all possible configurations of the two points . We shall 
indicate this average as ( 81 6z) AV. It should be obvious 
that this average of the products will depend upon the value 
for r, and if r equals zero 81 equals 8z, so we shall have 
for the average simply iif. For larger r, the average pro-
duct will be zero since the electron fluctuations may be 
presumed to vary quite independently . Therefore we can de-
fine a correlation function, ~ (r), through the following 
equation 
"'((r}P (9) 
where Y (r) clearly is one for r equal to zero and approaches 
zero as r approaches infinity . Obviously this function o (r) 
which ranges in value from one to zero provides a means of 
characterizing the average extension of the inhomogeneities 
in the liquid. 
Returning now to the intensity of the scattered x-rays 
we have 
r = .A [ [ (t<'+4,)( ,..,+~) (1.0) 
where A is a constant. Replacing dv2 by the corresponding 
volume element in spherical coordinates, we will have 
/ 
- 2 (.. -+ £ s ·£A,- ;;;jj 
I=A 'ITTr e Jlr X (11) 
• 
Examination of the integral 
1 ~+A,)( ~+A2) cJ)_ v; 
v 
(12) 
over the irradiated volume shows that the integral of ~ 2 
over the volume V, followed by the integration over 8 and ¢ 
-& -
will result in ~ ; the corresponding integrations of 61~ 
.... 
and 62~ will yield zero since the electron density fluc-
tuations are purely random and these integrals will aver-
age zero. The integration of 61 62 over the volume V, fol-
lowed by the integration over 8 and¢ will give 6 2 ~(r) 
from the way we have defined the correlation function. We 
( 13) 
-Now for the case considered, if we alter S0 , keeping 
- -the orientation of 50 relative to S the same, we shall get 
sensibly the same scattered intensity. We then d efine an 
average intensity which will be an averaging of equation 13 
over a and the final result is 
15 
DO 
A I 2 S/N Jltsr I (--As)= - tJTT r /~ ~ r 
l.f Tr -A s,.. 
0 (14) 
Now the first integral may be shown to contribute to the 
scattered intensity at an angle so small as to be of no phy-
sical interest in the small angle scattering considered 
here. See, for example, N. S. Gingrich for a similar case 
of physically insignificant small angle scattering. We are 
thus left for the scattered intensity at small angles due 
to the electronic fluctuations 
(15) 
16 
Hence, from the last equation, we see that the small 
angle scattering to be attributed to inhomogeneities consid-
erably larger than A is characterized by the correlation func-
tion ¥(r). It is, of course, understood that this equation 
is applicable only for such cases; the large angle scatter-
ing will be due to inhomogeneities on an atomic scale and 
thus describable through another sort of correlation func-
tion, namely, an atomic distribution function. 
For the purposes of computing Y(r), equation 15 can 
be transformed by the Fourier integral into (15) 
15. Guillemin, E.A., The Mathematics o~ Circuit Analysis, 
Wiley & Sons, Inc. 
17 
e..., 




r Y(t) ~/.-~rs I(lu) S/Al ..ltsr ell( --As) (17) 
0 
In what follows equation 17 will be used for the determina-
tion of the correlation function so as to characterize the 
extension of the inhomogeneities in the cases of excessive 
small angle scattering by liquid argon and which one may with 
reasonable certainty attribute to such large inhomogeneities 
as alluded to above. 
18 
APPLICATION OF THEORY 
Using the equation given on the preceding page for 
r ~(r), values for l(r) were calculated at various val-
ues of r. A value for r was chosen and then kept constant 
while values for ks and I(ks) were inserted into the equa-
tion, tabulated, graphed, and then planimetered for the area 
under the graph which represented the valuer Y(r). Divid-
ing by that same r then gave a value for ~(r). This was 
done for curves marked numbers 4, 5, 6, 7, a, 9, and 25, in 
the paper by Eisenstein. The values for r chosen for these 
calculations varied from r equal 0.5 angstroms to r equal 30 
angstroms or until the correlation function became almost 
equal to zero. These were taken in 0.5 angstrom steps from 
0.5 to 10.5, and then in one angstrom step from 10.5 to 14.5, 
and then, if necessary, 15, 20, and 30 angstroms. A repres-
entative chart of the type used is shown in Table I for r 
equal 0.5 for curve no. 4. 
The values for the intensity at a given value of ks 
were computed in some cases from the data given by Eisenstein 
and taken directly from experimental graphs where such data 
was not given. These intensity values were extrapolated from 
zero at the bottom of the first valley in the intensity curves 
given in Eisenstein's work. 
These points shown in Table I were then graphed as 
ksi(ks) sin ksr versus ks. A planimeter was used to compute 
the area under this curve; this area then represented a value 
for r Y(r). Since this area is shown in the equation used 
19 
Table I 
Curve No. 4 
r = 0.5 
ks sin ksr I(ks) ksi(ks) ksi(ks)sin ksr 
0.0000 0.0000 118.7 0.000 o.ooo 
0.0251 0.0125 118.5 2.98 0.037 
0.0502 0.0250 117.7 5.90 0.148 
0.0754 0.0387 116.2 8.75 0.338 
0.1000 0.0506 114.3 11.43 0.580 
0.1256 0.0628 112.0 14.10 0.885 
0.151 0.0753 108.0 16.30 1.230 
0.177 0.0941 102.7 18.20 1.710 
0.203 0.1002 94.5 19.20 1.920 
0.229 0.1129 82.5 18.90 2.140 
0.251 0.1253 34.3 8.60 1.080 
0.276 0.1377 27.0 7.45 1.025 
0.301 0.1507 22.5 6.77 1.020 
0.326 0.1630 19.5 6.35 1.035 
0.351 0.1748 17.5 6.14 1.072 
0.376 0.1874 15.5 5.83 1.095 
0.401 0.1997 13.5 5.40 1.080 
0.426 0.2119 12.0 5.11 1.083 
0.451 0.2241 10.5 4.74 1.063 
0.476 0.2363 9.3 4.43 1.050 
0.501 0.2487 8.2 4.10 1.020 
0.526 0.2608 7.5 3.94 1.030 
0.551 0.2728 6.2 3.41 0.930 
0.576 0.2849 5.2 3.00 0.855 
0.602 0.2968 4.5 2.71 0.805 
0.628 0.3090 3.7 2.33 0.720 
0.653 0.3209 3.0 1.96 0.630 
0.678 0.3327 2.2 1.49 0.496 
0.703 0.3448 1.5 1.05 0.360 
0.728 0.3562 0.7 0.51 0.180 
0.754 0.3681 o.o o.oo o.ooo 
as being proportional tor Y(r), and since it is known that 
¥(r) must fall between the limits of unity and zero, the 
20 
value for 1(r) was then normalized to unity at r equal zero. 
The final curves for ~(r) versus r are shown in Figures 3, 
4, 5, 6, 7, 8, and 9. 
Some method for characterizing these values for C((r) 
so as to obtain a consistant way of estimating the extension 
of the inhomogeneities was desired and the method chosen was 
tha t of computing an 7~ for each curve from the equation 
-f r~ 'liT 1' 2 Y(r) Jlr 
0 






Values of F.:Z and rf.e For Each Curve 
-
-.L 
Curve Number f2(A)2 rf'~(A) 
4 258 16.1 
5 46.8 6.85 
6 ?2.4 8.51 
? 36.4 6.03 
8 43.8 6.61 
9 41.5 6.45 
25 51.3 ?.15 
Fig ure 3'. '( (r) "vs r for 
curve No . 4 . Liquid a.rgon 
126. 7°K 18·. 3 atmos pheres 







Figure 4. o (r) vs r £or 
Curve No. 5. Liquid argon 
o-144.1 K 37.7 atmospheres 






Figure 5. 'Y(r) vs r for . 
curve No. 6 . Liqlrld · argon 
149.3°K 46.8 a.t.mospheres 






Figure 6 '• tf (r) vs r for 
curve No . 7 . Argon vapor 
149 . 3°K 43,. 8 atmospheres 





Figure 7. )' (r) vs r for 
curve No. 8. 
~44~~°K 36.2 
/f.a = 43.8(A) 2 
Argon vapor 
atmospheres 
-J.? ~ : 6.6l.(A) 
o.s - -------------4~--+-------------------+---------------; 
dL-----------------~~----------------~--------~--~ 0 5 r(A) /D /cf. 
26 
10~----------------~--------------------------------~ Figure 8 '• )' (r) vs r :for 
curve No . 9 . Argon vapor 
l.26. 7°K l.6•. o atmospheres 





Lo ~---------------.------------------------------~ Fi~e 9. 'Y(r) vs r :tor 
curve No. 25. Argon Gas 
~54°K 5~.~ 
't;2 : 5~.3(A)2 
atmospheres 
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~ .. - • 7 .~S(A) 
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CONCLUSIONS 
The theory upon which most explanations for small angle 
scatt.ering ~re based is the one mentioned before in this paper 
and in the paper by Vineyard. That is, the homogenous ap-
pearing sample is considered to be composed of bubbles or 
droplets of inhomogeneities which cause this small angle scat-
tering by a process similar to the diffraction of light by 
bubbles of a material such as glass. It could be assumed, 
then, t~t the greater the intensity of the small angle 
scattering the greater the number of such inhomogeneities re-
. quired. This can also be linked up with the value of F2 and 
~ f computed in this paper. Since this value is used to 
characterize the extent of the areas of inhomogeneity, it 
can be considered also as measure of volume of the droplet. 
It can be seen from the data in table II that curve 
No. 4 which has the smallest intensity of small angle scat-
tering of any of the curves analyzed has the greatest value 
of ~2 • Since, then, the volume of the assumed droplet is 
large, there must be a relatively smaller number of these 
regions within the sample. And so, again similar to the case 
of diffraction of light, the fewer the bubbles the smaller 
the lntenB1ty, 
The paper by Vineyard considered these areas of inhomo-
geneity to be bubbles with clearly defined boundaries. This 
position cannot be upheld by the calculated data in this paper. 
Instead, the areas appear more likely to thin out at the edges 
and would probably appear more like a bump in a rug, high at 
the center and thinning out for a relatively large distance 
towards the outer perimeter. The curves of Y(r) vs r 
show a range of about twice the value of ;-< .for the outer 
limit of r, and in one case, curve No. 4, more than three 
--:2-·-JZ 
times the value of r ~··'· . Thus, these areas of inhomogen-
eity should probably be assumed to be indistinct regions 
smudging out toward each other with no distinct boundaries 
between them. 
The curves for Y(r) vs r show an amazing similarity 
for six of the seven curves used. The one which does not 
have the same shape as the others is curve No. 6. No attempt . 
is made to explain this dissimilarity in only one case, ex-
cept to point out that this point is the closest to the cri-
tical point. 
The method used for computing and characterizing the ex-
tent of the inhomogeneities is more accurate than any other 
method found in previous literature. The radii of these re-
gions have been estimated several different ways before this 
time, but this is probably the first time they have actually 
been calculated. The estimated radii are of the same order 
~}Z 
of magnitude as the values for r. ' calculated here; the ma-
Jor point of difference being that there could not be found 
any clear point of ending of one area and starting of another. 
Instead, the mathematical evidence points to an indistinct 




Seven x-ray patterns were analyzed for explanations of 
the indicated high small-angle scattering. A correlation 
function was developed for each curve characterizing the 
extent of the assumed areas of inhomogeneities . A value of 
r was chosen to represent the volume of these areas, namely , 
- -..L-
32 
f2 and r~~. These values were compared with estimated values 
from previous literature for the radii of these inhomogen-
eities . The correlation function r (r) shows such a nature 
as to point out an indistinct boundary for the inhomogenei-
ties instead of the type of distinct sphere assumed in pre-
vious literature. It can be assumed from the calculations 
of this paper that the small- angle scattering is caused by 
' 
areas of inhomogenous electron densities taking the shape 
similar to a bump in a rug, high in the center and becoming 
smudged and indistinct toward the outer perimeter. 
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